We evaluate the 1-loop partition function of conformal gravity in four dimensions around an AdS4 background, using the heat kernel techniques. We give expressions for the relevant thermodynamical quantities and compare our results with the ones from the literature.
INTRODUCTION
Conformal gravity is an interesting theory of gravity because of its power-counting renormalizability [1, 2] . Nevertheless it contains ghosts and it should not be considered as a fundamental theory of (quantum) gravity before that issue is resolved. Maldacena showed [3] that one can obtain Einstein gravity from conformal gravity by imposing suitable boundary conditions and t'Hooft pointed out that conformal symmetry may be crucial for understanding the physics at the Planck scale [4] [5] [6] [7] . It arises from twistor string theory and as a counterterm from five dimensional Einstein gravity [8] [9] [10] . On the phenomenological grounds, it was studied by Mannheim considering galactic rotation curves without addition of dark matter [11] [12] [13] , while it has recently been proven to have a well defined variational principle and finite response functions [14] . In particular, there are two response functions: the first one is analogous to the Brown-York stress energy tensor and the second one is the partially massless response (PMR), in the sense of Deser, Nepomechie and Waldron [15, 16] .
One of the most important quantities to be studied in the framework of Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence is the partition function. In this framework, the partition function of the gravity theory in d dimensions corresponds to the partition function of the conformal field theory in d − 1 dimensions. For example, such studies were considered from the perspective of the canonical partition function evaluation for non-interacting conformal higher spin in [17] using the operator counting method. In the context of gauge/gravity correspondence it was mostly studied in lower dimensions [18] [19] [20] [21] . One method to obtain the partition function is the heat kernel method [22] which can be used for particular backgrounds and operators. On certain symmetric backgrounds such as sphere or hyperbolic space the heat kernel can be analytically evaluated. When an analytic computation is not convenient one may consider studying the heat kernel coefficients. One of the methods for that is the world-line formalism as in [23, 24] . In particular, 1-loop Einstein gravity with matter has been studied using the world line formalism on general backgrounds [25] where its representation via world line path integrals [23, 24] has proven to give correct 1-loop divergencies [25] . Some of the operators for which the partition function has been evaluated are the Laplace operator [26] [27] [28] , the conformal higher spin operator [17, 28] and, GJMS operators [28, 29] . The method of heat kernel can be also used for the above operators which are more general, as well as for the differential operator whose construction is important in conformal differential geometry in four dimensions, i.e. the Paneitz operator, [30] [31] [32] .
In this paper we compute and analyze the 1-loop partition function of conformal gravity in four dimensions using the heat kernel method [22] . For this we have to linearize the equations of motion and evaluate the path integral corresponding to the 1-loop partition function. We find it convenient to express the result in terms of the determinants of Laplacian operators around an AdS 4 background. Then we analytically evaluate the determinants via heat kernel techniques. For that we compute the traced heat kernel by analytic continuation of S 4 to H 4 . We compare our result with the 1-loop partition function for Einstein gravity, pointing out the clear contribution from the ghost mode and the partially massless mode which appear in conformal gravity, however do not appear in Einstein gravity.
This paper is organised in the following way: In chapter 2 we introduce the preliminaries for the computation of the 1-loop partition function, in chapter 3 we fix the gauge and explain the ghost determinant and finally in chapter 4 we introduce the formalism we use for the evaluation of the partition function and the free energy. We summarise our results in chapter 5.
PRELIMINARIES
The conformal gravity action in four dimensions consists of the Weyl tensor C α βγδ , the completely traceless part of the Riemann tensor, and it is constructed such that it is conformally invariant under a (local) conformal transformation of the metric tensor g µν → e 2σ g µν . It takes the form
where α is dimensionless coupling constant. The equations of motion are
where B µν is the Bach tensor. We denote the fluctuation h µν of the metric tensor g µν around the AdS 4 background (ḡ µν ) as
From now on tensor fields with a bar (¯) denote their value on the AdS 4 background. The second variation of (1) gives
when evaluated on-shell for the background metric. Additionally, we York-decompose the fluctuation h µν into a transverse-traceless part (h T T µν ), a "trace" part (ĥ) and a gauge part (∇ (µ ξ ν) )
µν . The second variation (4) now takes the form
with
From now on we omit the bar (¯) from the Laplacian operator. This result is consistent with the one obtained in [33] and the linearised equations of motion from [34] and [35] . Since the full theory is diffeomorphic and conformally invariant we expect this to hold at the linearized level and this is indeed the case: the operator (7) does not depend on the vector ξ µ or the "trace" partĥ. The 1-loop partition function is determined from the path integral over all (smooth) fluctuations h µν around a background of the second variation of the action:
in which "ghost" refers to the determinants produced via elimination of the gauge degrees of freedom. We will explicitly determine these contributions in the next chapter.
GAUGE FIXING AND GHOST DETERMINANT
As we already mentioned before, the second variation of the conformal gravity action (6) contains neither the vector ξ µ nor the "trace" modesĥ due to conformal invariance. Therefore, the functional integration over the gauge and "trace" degrees of freedom can be perfomed trivially. They give the volume of the conformal group which is an infinite constant and has to be eliminated. The procedure is done as follows: the path integral measure Dh µν is divided by the volume of the conformal group which is useful to express in terms of a ghost (Faddeev-Popov) determinant. Then, this ghost determinant is given by the Jacobian of the transformation h µν → (h T T µν , ξ µ ,ĥ):
We require
Similarly, we recquire for each mode of the York-decomposition:
To cancell the mixing between the modes of different types in (10) it is convenient to decompose the gauge part ξ µ into a transverse and a scalar part as ξ µ = ξ T µ + ∇ µ σ, with ∇ µ ξ T µ = 0 and the "trace" partĥ asĥ =h − 2∇ 2 σ. The latter transformation gives a unit Jacobian whereas the first one using (12) becomes:
where the subscript (0) denotes the scalar mode σ. Then, the decomposition of the inner product (10) is othogornal
and we find
where the notation T (1) denotes the transverse vector mode ξ T µ . Therefore for (9) we have
We now have all the necessary ingredients to calculate the 1-loop partition function and we proceed in the next chapter.
1-LOOP PARTITION FUNCTION
The 1-loop partition function takes the form
where Z (S) is the partition function of the relevant modes of spin S = 0, 1, 2 and Z (2),r is the partition function of the spin-2 modes with constant terms r = 4, 2. This result agrees exactly with the partition function obtained in [17] , equation (3.16) . This was as well considered in references therein, namely [36] and [37] . The spin-0 and the spin-1 modes that appear in the numerator of the above expression are pure gauge and the dynamical degrees of freedom are the two spin-2 transvere-traceless modes that appear in the denumerator: the determinant (−∇ 2 − 2)
T T (2) corresponds to the spin-2 massless graviton and the determinant (−∇ 2 − 4)
T T
(2) corresponds to the the spin-2 partially massless graviton (PMG). At this point, it is useful to compare our result with the 1-loop partition of Einstein gravity (around the AdS 4 background):
We clearly see now the additional degrees of freedom that appear in CG in comparison to the Einstein case, namely the scalar part (that is pure gauge and corresponds to the Weyl invariance) and the PMG.
We continue now to evaluate analytically these determinants using the heat kernel methods and the prescription of [19] . The partition function and the determinant of an operator are related to the trace of the heat kernel
where the traced heat kernel is defined as
and m is a constant. The determinant of symmetric transverse traceless operators (STT) of arbitrary spin S can be computed using the method described in [27] which considers the heat kernel on AdS 2n+1 backgrounds, i.e. odddimensional hyperboloids and in [38] , which considers the heat kernel of STT tensors on AdS 2n , i.e. even-dimensional hyperboloids. In general however, one has to keep in mind that the case of even-dimensional hyperboloids is more subtle. We shall briefly recollect the main results of the heat kernel techniques on even-dimensional spaces specialising in the case of AdS 4 .
The traced heat kernel on thermal quotient of AdS4
To find the traced heat kernel on thermal quotient of AdS 4 we consider the quotient space H 4 ≃ SO(4, 1)/SO(4) obtained by analytic continuation from the 4-sphere S 4 ≃ SO(5)/SO(4). The traced heat kernel coefficient is then given [27] by
where E
(S)
R are the eigenvalues of the spin S Laplacian operator on the quotient space H 4 , χ λ, m (γ k ) is the HarishChandra character in the principal series of SO(4, 1), γ is an element of the thermal quotient of S 4 , β is the inverse temperature and (λ, m) denotes the principal series representation [27] . We will now outline the procedure to find the eigenvalues in the case of the symmetric transverse traceless tensors (STT) that we are interested in, whereas the explicit derivation of γ is given in the appendix. The unitary irreducible representations of SO(4, 1), denoted as R, are characterised via the array
where m 2 is a non-negative (half-)integer while the unitary irreducible representations of SO (4), denoted as S, are characterised by the array
where s 1 , s 2 are (half-) integers. The eigenvalues of the spin S Laplacian operator in the quotient space SO(4, 1)/SO(4) are given by
where C 2 (R) and C 2 (S) are the quadratic Casimirs for the unitary representations of SO(4, 1) and SO(4) respectively:
Here the dot product is the usual Euclidean one and r i,SO(4,1) = 5 2 − i, r i,SO(4) = 2 − i and i = 1, 2, 3. We find that
The Harish-Chandra character in the principal series of SO(4,1) [39] is
where χ SO (3) 
The traced heat kernel (23) finally takes the form
Notice that the summation goes over Z + because we do not include k = 0 since it diverges. It appears since the volume of AdS is infinite, over which the coincident heat kernel on the full AdS 4 is integrated. That term does not depend on β and it can be absorbed into the parameters of the gravity theory. Now, we have all the ingredients to evaluate the partition function for arbitrary spin S (21) ln
From the above expression and (19) we can read out the Einstein part contribution, the PMG and the scalar field. The 1-loop partition function for a scalar field on AdS 4 background matches the expression obtained in [27, 41] and the one obtained from Hamiltonian analysis [41] . This is
(33) Therefore now we can evaluate each spin contribution in the 1-loop partition function (18) and our final and main result is
where q = e −β . Interestingly, it is proportional to the 1-loop partition function evaluated on S 1 × S 3 background and R 4 background in [17] . The possible explanation is in the relation of the two backgrounds with the conformal factor and the fact that the conformal spin-2 field is Weyl invariant.
Thermodynamic quantities
From (34) one can immediately infer the 1-loop (Helmholtz) free energy (− 1 β ln Z 1−loop ):
in the literature often considered multiplied with β. Note that the classical contribution to free energy is known to vanish on the AdS 4 background since the Weyl tensor vanishes and the Euclidean action (1) does not have to be renormalised [14] . The Einstein part of the partition function we can compare to the free energy in conventions of [33] taking the spin two case. Its 1-loop partition function that we obtain
agrees with the one from [33] . The 1-loop contribution to the entropy (S 1−loop = −
is non-divergent, where T is the temperature. One might be tempted to give a physical interpretation to the nondivergent 1-loop contribution to the entropy of the AdS 4 but nevertheless one should be careful and question the validity of the semi-classical approximation for this solution: the classical contribution is not negligible neither is the 1-loop part. Therefore, one in general should expect full quantum corrections to contribute to these terms.
SUMMARY
In the article we compute the 1-loop partition function of conformal gravity and analyse it: it consists of the scalar, vector and tensor determinant with non-vanishing mass. The determinants of the higher spin operators computed on the thermal AdS and the partition function of a scalar determinant obtained via procedure of analytic continuation agree with ours, and the partition function from [17] obtained using operator counting method. Operator counting method used in [17] has proven to give the partition function for the higher spin symmetric transverse traceless operators which are again in agreement with the ones obtained using the group theoretic approach of evaluation of heat kernel on the thermal AdS that we use here. Our method of evaluation of heat kernel on thermal AdS 4 shows agreement when we consider determinants coming purely from the linearised eom. Our main result is consideration of the pure conformal gravity action in four dimensions in which we can clearly differ and separate the partition function into the one coming from Einstein gravity, part specific for the conformal gravity, contribution from the partially massless mode and the part originating from the conformal ghost, resulting in the scalar determinant.
We can compare the structure of the partition function with the structure of the partition function of conformally invariant theory in three dimensions, which is Chern-Simons gravity. One can notice that the partition function constitutes of the analogous terms as conformal gravity in four dimensions. Partition function of Einstein Gravity (EG), contribution form conformal ghost and partially massless contribution [20] . The analogous structure is found if we compare the partition function to the partition function of conformal gravity in six dimensions. Partition function in that case consists of the part that corresponds to Einstein gravity in six dimensions, contribution from the conformal ghost and partially massless mode as well. However, there is one more determinant that contains mass which appears due to the fact that in that case one obtains six derivative theory [38] .
It is important to stress that our result is comparable to the partition function computed on the S 1 × S 3 and R
4
background that has been compared to the partition function computed on the field theory side.
The further possible application of 1-loop partition function would be to consider the full partition function of conformal gravity and computation of the 1-loop conformal gravity keeping an arbitrary background metric that would allow to write the 1-loop CG using world line path integrals [23, 24] . Since in the present case not all classical solutions to conformal gravity are known, before addressing the full partition function one has to list all the classical solutions of the theory and study it perturbatively around a classical solution. While in case of three dimensional gravity, one can consider the full partition function while classical solutions are known [18] .
Explicitly, we express the thermal quotient using "triple-polar" coordinates on S 4 , that are complex numbers z 1 , z 2 , z 3 which satisfy the condition
The quotient is γ : {φ i } → {φ i + α i }
with φ 1 , φ 2 phases of the z's and n i α 1 = 2π for some n i ∈ Z where not all n i s are simultaneously zero. (For the thermal quotient here, we need α i = 0(∀i = 1)). To embed Γ in SO(5) we decompose complex numbers into 5 coordinates that are real and embed the S 4 in R 5 .
x 1 = cos θ cos φ 1 x 2 = cos θ sin φ 1 (41) x 3 = sin θ cos ψ cos φ 2 x 4 = sin θ cos ψ sin φ 2 (42)
The coset representative in SO (5) is constructed for the point x with the above coordinates. Denote the north pole, point in R 5 , with (1,0,0,0,0) and construct a matrix g(x) that rotates it to the generic point x. g(x) is constructed so that g(x) ∈ SO(5) contains point x on S 4 so that there is one to one correspondence between them unto multiplication by an element of SO(4) that keeps north pole invariant. That matrix g(x) can be
and the Qs are generators of SO (5) . That can be recognised as an instance of a section in G over G/H. We can write the action of the thermal quotient (40) on g(x) in a form of embedding of Γ in SO (5) γ : g(x) → g(γ(x)) = e iα1Q12 e iα2Q34 · x = γ · g(x)
where · is matrix multiplication. Since we can as well recognise the property (38) we can choose the thermal section as σ th (x) = g(x).
To construct the heat kernel on Γ\SO(5)/SO(4) one uses method of images in a sense of [27] , [21] and continuation to a hyperbolic space H 4 . This way one obtains the expression for the thermal AdS with Γ ≃ Z, not Z 4 , as for the sphere. This result for the heat kernel corresponds to (23) from the main text.
